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Abstract

The proposed research for the Computational and Applied Math-
ematics Ph. D. degree is to use innovative improvements to and ap-
plications of a variational multiscale subgrid upscaling procedure to
greatly reduce the time needed to simulate Darcy flow problems. Ad-
ditionally, these techniques are sufficiently abstract to be applied to
other model physical problems with likely success.

Simulation of flow through a porous medium on a large scale can
be computationally expensive if the flow is resolved at a fine scale.
Numerous techniques have been proposed to “upscale” the problem
so that computations can be performed on a coarser scale but still
retain information about the fine-scale flow and problem data. We
use one kind of upscaling — variational multiscale subgrid upscaling
— to construct preconditioners for solving the full fine-scale problem.

In one preconditioning method, multigrid techniques are used to
form a two-level iterative scheme with a fine-scale smoother as one
level, and the upscaling preconditioner as the second level. Like multi-
grid, this scheme has a convergence factor dependent on both the
permeability field (the ratio of maximum to minimum values) and the
relative resolution of the fine and coarse grids. However, the upscaling
preconditioner is much more effective at capturing the correct coarse-
scale behavior than a coarse-scale smoother (as used in multigrid).
Further, the upscaling preconditioner has an operation count simi-
lar to that of multigrid, and the extra subgrid computations exhibit
perfect parallelism.

In another method, the coarse basis for the variational multiscale
subgrid upscaling is modified to allow the possibility of the upscaled
solution coinciding with the full fine-scale solution. Starting with
the ordinary upscaling solution, iterative nonlinear optimization tech-
niques are applied to update the basis for the upscaling problem. Un-
der suitable conditions, the modified upscaled solution will converge
superlinearly to the fine-scale solution. The method only requires solv-
ing upscaled problems (an “inexpensive” operation) and some matrix-
vector multiplies to find the residual of the fine-scale problem.

The proposed research is multidisciplinary and requires develop-
ments and understanding in mathematics, computer science, and en-
gineering. Although there is a degree of overlap between the problems
studied and methods used in these disciplines, some goals specific to
each area are listed below.
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Area A: A-priori error analysis of finite element methods as ap-
plied to linear elliptic partial differential equations will be a necessary
element to show convergence of the proposed methods. For the two-
level method we need to develop error estimates for the smoothing and
approximation properties. For the nonlinear method we need to find
the relationship between the error in the extra degrees of freedom and
the error in the related modified upscaled problem. An appropriate
norm for the error in the extra degrees of freedom is needed (perhaps
they can be viewed as traces of fluxes on coarse cell boundaries).

Area B: Research of analysis of convergence of iterative schemes
for solving large, sparse linear systems is necessary. Both methods use
Schur complement techniques (on both subgrid problems and veloci-
ties), and (preconditioned) conjugate gradient and Krylov ideas. The
two-level scheme requires analysis of smoothers and the performance
of a multigrid-like scheme. The nonlinear method requires study of
the details of Newton, quasi-Newton, and secant methods. For each of
these three, the problem of global convergence needs to be addressed.
For the quasi-Newton methods, there is also the choice of approxima-
tion to the Jacobian and how it is factored. For the secant method
there are the issues of QR updates, the choice of initialization of the
approximate Jacobian, and the bounded deterioration of it. Consider-
ation needs to be made of high performance computing and parallelism
concerns when designing and implementing algorithms.

Area C: Efficient, accurate Darcy flow simulations are the prime
motivation for this research. We need to detail the performance of the
proposed algorithms in different geostatistical settings to guide prac-
titioners’ use. We need to be able to say how quickly and how well
we can approximate large-scale features of the flow. We want to know
if long-range correlations in the problem data present any theoreti-
cal or practical difficulties for the algorithms, and be able to present
some engineering conclusions about the effect of such correlations on
flow. We need to provide a well-documented implementation of the
proposed algorithms in parallel for three dimensional problems (and
perhaps extend it to handle two-phase miscible and/or immiscible dis-
placements). It should be able to model both rate wells and Peaceman
bottom-hole-pressure wells.
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1 Introduction

Darcy’s law describes fluid flow through a porous medium. It is an empirical
law that asserts bulk flow of a fluid through the medium is proportional to
the gradient of the pressure across the medium (accounting for hydrostatic
differences from gravity) [25, 9, 59, 36]:

K

u= Vp —pg
M( )

Darcy’s law has found wide applicability in modeling subsurface flows, and
has been generalized to model multicomponent and multiphase flows. (The
above differential form is itself a generalization of the relation Darcy formu-
lated.) Our primary interest is in using Darcy’s law to model oil reservoir
and groundwater contaminant flow.

Darcy’s law alone is insufficient to describe the physics: conservation
of mass (the continuity equation) and equations of state (relating density,
viscosity, and permeability to phase fraction and temperature) are necessary.
In the applications being considered, there is often a need for the velocity to
be very accurate and to strictly (locally) observe mass conservation; hence our
focus on mixed methods [55, 30, 26, 34]. Although our presentation ignores
aspects of multiphase flow, the proposed ideas and software can readily be
adapted to model such flows. We do not account for effects of temperature
changes in the model.

1.1 Heterogeneity and why it is a problem

Geostatistical modeling is used to generate the necessary data (porosity and
permeability) to specify the problem to be approximated [29]. This data
is typically given at a very fine resolution [32], but the goal is to predict
long-range flow behavior; it is tempting, then, to approximate the problem
at a very coarse scale. However, fine-scale features of the problem data can
have very large effects on the coarse-scale flow behavior [32]. Therein lies
one big difficulty: it is necessary to resolve the flow at very fine scales result-
ing in computationally poor conditioned problems to solve [37]. Moreover,
the resolution cannot be reduced to shrink the size of the system: (1) het-
erogeneity in the permeability (irregular, short spatial-scale jumps) means
p-refinements (high-order approximations) will not help, and (2) spatially-
limited resolution and spatially-uniform heterogeneity means h-refinements
(coarse scaling) will not help either.



The fine-scale resolution necessary in simulations makes for poor con-
ditioning, yet there is still another difficulty: the jumps in the permeability
can sometimes be quite severe (several orders of magnitude changes) between
nearby locations (see for example Figure 4). This makes our computation of
an approximation even more poorly conditioned. The more heterogeneous
and fine-scale the problem, the more computationally expensive it becomes
as all known direct /iterative linear solvers have behavior which worsens with
greater condition number [39]. We seck to broaden the range of problems
that are computationally feasible.

1.2 Proposed solution techniques

One approach used to overcome the poor-conditioning in modeling multiscale
phenomena is upscaling [32]. In upscaling techniques, an averaging process
is used to determine the influence of fine-scales on the simulation and to ad-
just the coarse-scale computations accordingly. Typically an upscaled model
will more accurately predict the coarse flow, and will also correctly display
fine-scale features of the flow. With mixed variational multiscale subgrid
upscaling [1, 44], the scales are split into subgrid and coarse parts before
approximating, thereby keeping all the fine-scale information in the model.
The mixed framework keeps strict conservation of mass.

Since one goal of upscaling is to obtain a better coarse-scale approxima-
tion of the flow, it is a natural idea to try substituting the upscaled approx-
imation for an ordinary coarse-scale approximation in a multigrid scheme.
The upscaling substitution is also natural in that it is about as computation-
ally expensive as the ordinary coarsening. This substitution forms the basis
for one of the proposed algorithms.

In upscaling, the flexibility of (number of degrees of freedom in) our
approximation is reduced in order to obtain a smaller or better algebraic
problem to solve. The second proposed algorithm attempts to reintroduce
the necessary flexibility into the upscaled model to be able to capture the
fine-scale solution. A sequence of upscaled problems is solved in which the
problem structure (not the problem data) is gradually evolved towards a
problem which has a solution which is functionally equivalent to the fine-
scale solution. This evolution uses nonlinear optimization techniques which
have the potential of superlinear convergence. Each step in the optimization
only requires solving an “upscaled” problem and determining its fine-scale
residual.



1.3 Summary

The emphasis in the proposed research will be to provide new tools for im-
proving the speed and accuracy of numerical simulation of systems exhibiting
significant heterogeneity on a fine spatial scale, rather than developing new
theories of transport. This research will emphasize the use of mixed varia-
tional multiscale subgrid upscaling to reduce the time necessary to accurately
model these flows. Each of the proposed methods attempts to solve a smaller
system (with much better conditioning and a special algebraic structure) to
obtain an approximation to the full system.

A description of mixed variational multiscale subgrid upscaling is included
in Section 2 in order to introduce some terminology and notation, and to re-
mind the reader of how this method works. The next two sections describe
the new preconditioners: a two-level iterative method that uses smoothing
and subgrid upscaling to solve fine-scale, heterogeneous problems in Sec-
tion 3; and a nonlinear optimization scheme for solving problems in Section 4.
Some of the modeling applications of this work are set out in Section 5, and
the software that has been and will be implemented to carry out simulations
using the ideas in this proposal is detailed in Section 6.

2 Description of Mixed Variational Multiscale
Subgrid Upscaling

Because of the complexity of the proposed algorithms, it is useful to first de-

scribe the underlying method and introduce some terminology and notation.

Use €2 to denote the spatial extent of the porous medium and assume that

it is a connected, convex, polygonal domain in R™ (where n is 1, 2, or 3). Let

p and 0 denote the unknown pressure and macroscopic velocity. Our model
problem in the interior of the domain consists of Darcy’s Law

K

. (Vp—pg), (1)

u
and the continuity equation
V-a=f (2)

where £, u, p, and g are the (spatially-varying) permeability, viscosity, den-
sity, and gravity, and f is a source term. On one piece of the boundary I'y,



specify the flow
u-v =gy, (3)

and on another, I'p, specify the pressure

P = gp. (4)

The pieces of the boundary add up to the whole 9 = I'y U I'p, the pieces
are disjoint 'y NT'p = @, and v is the unit outer normal vector to 9. A
cell-centered finite difference method (CCFEFD) is used to approximate flow
equations for the pressure.

The proposed methods, however, apply to the problem (1)—(4) in mixed
variational form. Let

V={ve Hdiv,Q)|v-v=00onTy},

W = L*(Q), and v, be an element of H(div, ) such that v,, - v = gy on
I'y and vy, - v =0 on I'p. (An important special case occurs if I'y = 0€2.
In that case, use W = L?/R instead; a compatibility condition on f and gy
is also required.) The problem is then to find u € V and p € W such that

(V-u,w) = (bw) Yw e W, (5)
(ku,v) — (p,V-v)=(c,v) = (9p,V - V)r, Vv eV, (6)

The substitutions k = ux ™, b= f — V- v,,, and ¢ = pg — kv,,, have been
made to simplify the notation. Note that the velocity i = u + v, is the
solution to the original problem (1)-(4).

In order for either formulation of the problem to have a solution, the data
needs to meet some regularity constraints. In the variational formulation,
one of interest in this proposal is that k must be a symmetric rank-two
tensor in (L°°(2))""" (denote its essential supremum by k*), and must be
uniformly elliptic (denote its essestial infimum by k.). The ratio of these
two values k*/k, will have an impact on the performance of the proposed
preconditioners.

2.1 A mixed finite element approximation

For a fine-scale problem, assume the permeability data k is given as piece-
wise constant on a grid with spacing h, and that measurement uncertainties



prevent specifying it at any finer resolution. It then makes sense to find so-
lutions at the same resolution, and no finer. That is, find u, € V;,, C V and
pn € Wy, € W such that

(V-up, wy) = (b,wy) Vwy, € Wh, (7)
(kup, vy) — (pn, V- vi) = (¢, v) — (gD, Vi - V)1 Vv, € Vi, (8)

where W}, x 'V, are Raviart-Thomas-Nedelec elements of order zero (RT0) [52,
18, 54] on the given grid. See Figure 1 for an illustration of the degrees of
freedom of these elements.

Figure 1: Degrees of freedom for 2-D RT0 elements on a fine rectangular grid:
x normal velocity degrees of freedom, and e pressure degrees of freedom.

Using quadrature — the trapezoidal rule — to compute the term (kuy, v;,)
is equivalent to solving the original problem (5)—(6) using cell-centered finite
differences [55, 6].

If a coarse-scale approximation is desired instead, then find uyg € Vg C
V and pyg € Wy C W such that

(V . uH,wH) = (b, ’LUH) Ywygy € WH, (9)
(kug,vy) — (pu,V-vy) = (c,vy) — (gp. Ve - V)r, Vvg € Vg. (10)



where Wy x Vg are RT0 elements or, perhaps, Brezzi-Douglas-Duran-Fortin
order one (BDDF1) [16] elements) on a grid with spacing H, an integer
multiple of h. See Figure 2 for an illustration.

Figure 2: Degrees of freedom for 2-D BDM1 [17] elements on a coarse rect-
angular grid: @ (linear) normal velocity degrees of freedom, and e pressure
degrees of freedom.

For the RTO elements, some error estimates [18, 31, 54| for a grid size h
are

[u—upllo < Cllullih = O(h), (11)
lp — prllo < C|lpll2h = O(h). (12)

For BDM1/BDDF1 elements the velocity is an order of h more accurate

Ju—wnllo < Clull2h? — o(?). (13)

2.2 The upscaling technique

The subgrid upscaling technique uses the mixed finite element method (MFEM)
with a variational multiscale [44] technique.

Before any approximation, decompose V and W (using a chosen coarse
grid) so that



(i) no information is lost, V.=V.®V, W =W, & W;
(ii) mass is conserved, V-V, =W, V-0V = jW; and

(iii) the fine-scale velocities are locally supported over the coarse grid,
0V - v =0 on the boundary of each coarse cell.

(Section 3.1 — in particular Theorem 3.3 — of [1] show that this decompo-
sition is always possible and satisfies some additional necessary properties.
There is also more than one way to choose the decomposition.)

Note that Condition (iii) above allows us to disconnect the subgrid prob-
lems from one another, but not from the coarse grid problem. A Green’s or
influence function approach is employed to effect a forward elimination of the
subgrid problems into the coarse problem, and — once the coarse problem
has been solved — a back substitution to recover the subgrid solutions. The
two can then be recombined to obtain a fine scale solution.

Since V and W have been decomposed into direct sums, the problem (5)-
(6) can be described as follows. Find u. € V. and p. € W,, and du € §V
and 0p € 6W such that on the coarse scale

(V- (u.+ ou),w.) = (b,w,) Yw, € W,
(14)

(k(u.+6u),v.) — (pc +0p, V- v.) = (¢, ve) — (gp, Ve - V)rp,  VVve € Vi,
(15)

and on the subgrid scale

(V- (u.+ du),ow) = (b, dw) Vow € oW, (16)
(k(u. + du),d6v) — (p. + 6p, V - 6v) = (c, 6v) Vv € 6V. (17)

Then u = u.+du and p = p.+ dp solve the original variational problem (5)—
(6).

To define the d-subgrid operator and perform the forward elimination
of the coarse components, rewrite the subgrid scale equations with coarse
components on the right-hand-side. That is, consider the coarse components
as sums of basis elements

Pe = Z aiwi and u, = Zﬁjvz. (18)
i J



The parts of the d-operator are obtained by substituting these expressions
in (16) and (17) and solving for the a;- and §;-influence function coefficients.
The constant part of the § operator is given by solving

(V-du,dw) = (b, ow) Vow € 6W, (19)
(kou, év) — (6p, V - 6v) = (c,0v) Vov € §V. (20)

The W,-linear part of the § operator is given by solving

(V- oq;,0w) =0 Vow € 0W, (21)
(kdt;, 6v) — (6p;, V - 0v) = (w’, V - §v) Vov € §V. (22)

The V -linear part of the § operator is given by solving

(V- 81, 0w) = —(V - v., dw) Vow € oW, (23)
(kdt;, 6v) — (6p;, V- 0v) = —(kvZ, §v) Vov € §V. (24)
Then
op =" dpi+ > Bi0p; +0p
= 3p(p)  +0p(u)  +0p (25)
and

du=> il +» 00, + 0
=ou(p.) +oa(u.) +ou (26)

are implicit expressions for dp and du in terms of p. and u.. Note that
5p(wt) = py, 5p(vi) = 3, 0(w!) = 5k, and 54(v2) = 5.

Return to the coarse scale equations (14)—-(15). Rewrite them substitut-
ing in the influence-function expressions for dp and du, and gathering the
coarse coefficients ; and 3; out front. Equations for the coarse components’



coefficients result
> (V- by, we) + Y BV - (VI +61y), we) = (b— V- 61, w)
i J

Yw, € W,, (27)
E Oél<k5ﬁz, Vc) —+ E ﬂj(k(V£ + (Sﬁj), VC)
i J

— Zai(wi +6p;, V- v,) — Zﬁj(éﬁj, V-v.) = (c—=kou,v,.) + (6p,V - v.)
i J

Vv. € V., (28)
or using the operator notation
(V- (u. + éu(p.) + dt(u,)),w.) = (b — V- da,w,) Yw, € W,
(29)
(k(u. + dua(p.) + da(u.)), ve)
_(pc + 6ﬁ<pc> + 5]5(110); V- Vc) = (C - k6ﬁ7 Vc) + (5]57 V- Vc)
- (gDavc : V)FD vVc € VC?
(30)
Solve these equations for «; and 3; (that is, u. and p.), and write the
solution as
P =DPc + 5]9
= gl + > idpi+ Y Bi0p; + 0p (31)
i i j

and

u=u, + du

j i J

Lastly, (29)—(30) can be written in symmetric form by rearranging terms
and using some identities not identified here. See [1] for details, as well as
proofs that each of the above problems are well-posed.

Also note that the d-subgrid operator has a natural definition. No in-
formation has been lost in the reformulation of the problem, and no ad-hoc
assumptions have been reintroduced to simplify the action of the d operator.

9



2.3 Approximating the upscaled problem

Only after deciding on the decomposition is the approximation then made.
We are free to pick discretizations for each subgrid independent of each of
the others. The discretization of the coarse spaces is only constrained by
the already chosen coarse grid. Standard mixed finite element spaces such
as Raviart-Thomas or BDDF elements will do.

The subgrid upscaling technique has a number of advantages. Each sub-
grid problem is independent from the others because of the Neumann bound-
ary conditions along coarse cell edges; the subgrid problems can be solved in
parallel with no communication of boundary data needed across coarse cell
edges. Each subgrid problem also has many fewer degrees of freedom than
the whole problem (by about a factor of the number of coarse grid cells);
these problems are far better conditioned, and may be amenable to a direct
solver. Each subgrid problem has the same left-hand side and many different
right-hand sides creating an opportunity for computational efficiency. The
coarse problem has many fewer degrees of freedom than the whole problem
(by about a factor of the number of fine cells chosen per coarse cell) and so is
also much better conditioned. If the coarse grid spacing is a small multiple
of the fine grid spacing, the work in solving the upscaled problem is nearly
all done in solving the coarse problem. Lastly, there is only one coarse grid
(not many as in multigrid).

Further, the number of degrees of freedom in the upscaling space is nearly
as many as that in the fine space (compare Figure 1 with Figure 3 below).
However, for small upscaling factors the upscaled solution is only about as
computationally expensive as a coarse solution. This would be only mildly
interesting if the upscaling solution was only as accurate as a coarse solution,
but in fact it captures much more (see example below in Subsection 2.5; also
see Figures 9-16 in Section 3 on the multigrid-like preconditioner).

There are some algorithm implementation issues to be considered. First,
the elements of W), may not be easy to compute with. For instance, sup-
pose RTO elements are used for W;, and Wy, and 6W), = (W'H)L with the
complement taken in W,,. Then elements of 61, do not have local support
on fine cells — they must have zero average on coarse cells. A computational
trick explained in [4] and [5] avoids this complication.

Second, there is obvious parallelism in the subgrid problems since each
one is independent of all the others, and the coarse-scale influence functions
allow disconnecting the subgrid from the coarse scale. However, for coarse-

10



scale problem there is not any obvious parallelism. To overcome this lack of
parallelism, one could use a domain decomposition method [38] or another
technique.

Lastly, all of the problems being considered are saddle point problems
because of the mixed formulation. For small upscaling factors, the subgrid
problems may be solved directly. In other cases and for the coarse problem,
iterative solvers may be necessary. The Uzawa algorithm [18, 11] may be
used to solve the indefinite system. Also, the hybrid mixed method [8, 18] or
a Schur complement could be used to transform the indefinite problem into
a positive definite one.

2.4 Sample approximation of the upscaled problem

As an example, use RT0 elements to approximate 6\ and dV, denoted 6,
and 0V}, and BDDF1 elements for W, and V., denoted Wy and Vg. Let
Win = Wi @ oWy, and Vg, = Vg @ 0Vy,. Elements of Wy are functions
which are piecewise constant on coarse cells. Elements of )W), are functions
which are piecewise constant on fine cells, but must have a zero average over
each coarse cell. Elements of Vg are vector-valued functions where the com-
ponents normal to coarse cell faces are continuous across those faces, and vary
linearly along those faces. Lastly, elements of V), are vector-valued func-
tions where the components normal to fine cell faces are continuous across
those faces, and are constant along those faces; the normal components across
coarse cell faces are zero. See Figure 3 for an illustration.

No closure assumption is made regarding the permeability. Accuracy is
simply a question of approximation theory — how well does V approxi-
mate V? — and not a question of how much the physics is changed. Defining
effective coarse permeabilities is not necessary.

The closure assumption can be said to be that all flux across a coarse
element face is due to the coarse-scale functions. (The d-subgrid operator
is approximated using well-worn techniques; it is not altered in an ad-hoc
fashion to facilitate computation.) In this example, to compensate for the
coarseness of the restriction of velocities along coarse edges, higher order
accurate basis functions have been employed.

11



Figure 3: Degrees of freedom for 2-D RT0/BDDF1 elements on an “upscaled”
rectangular grid: ® coarse velocity (linear) degrees of freedom, x subgrid
velocity degrees of freedom, and e pressure degrees of freedom. [4]

For the BDDF1/RT0 elements, some error estimates are [1]

e —umallo < € {lIpllhh? + (Jull2 + o vl2r,) B} = O(H?),
(33)

lp = prallo < C{lIplih + IV - alhh® + (Julle + 0 vilor,) H} = O(h + H).
(34)

However, the simplicity of the above expressions belies some error analysis
complications; for instance, the 7y ;, operator for the upscaled elements is ob-
tained not just from gluing together the operators from the coarse elements
mg and each of the subgrid elements 07y, g, but also solving an auxiliary
problem (except under additional assumptions). The error estimates above
also do not capture all the subtleties of the subgrid upscaled solution (see,
for instance, the graphs of the eigenstructure of the subgrid upscaling pre-
conditioner in Section 3). One thing to note, though, is that if H/h is small,
then O(h + H?) = O(h) for the pressure and O(H?) = O((H/h)*h?) for the
velocity. A comparison between the upscaling error estimates with those for
BDM1/BDDF1 elements on fine grid, (12) and (13), shows that they are the
same.

12



2.5 Some practical results

To show the ability of the subgrid upscaling to approximate problems almost
as well as a full fine-scale solution (and far better than a coarse-scale one),
some results from a simulated quarter five-spot oil reservoir water flood are
presented. The above ideas were adapted to two-phase immiscible displace-
ments, and run on the following example [3].

The domain is a 40 m by 40 m square with a uniform, rectangular, 40 x 40
grid. The base-10 logarithm of the permeability field is shown in Figure 4;
the porosity is 25%. The field initially has a 20% saturation of water. There
is an injection well in the lower-left corner, and a production well in the
top-right corner. Each has a rate of 0.2m?/day, and water is being injected.

Log10 of X-Fermeability
-11.746
-12.009
12278
-12.536
-12.800
-12.083
-13.326
-13.590
-13.858
14116
-14.380
14,643
-14.906
-15.170
-15.433

0 5 10 15 20y 26 30 36 40

Figure 4: Logarithm of the permeability field (geostatistically generated).

Figures 5, 6, and 7 speak for themselves. The upscaled and fine-scale
solutions are certainly close in the eyeball norm; the coarsened solution is
not close to either and fails qualitatively to capture some behavior. The
upscaled solution requires only about as much time to compute as the coarse
solution, but has nearly as many degrees of freedom as the fine solution;
hence the “success.”

Throughout most of the rest of the paper, only RT0/RT0 elements will be
used. Although the ideas are applicable to others, the description, analysis,

13



FINE SCALE SATURATION Feturaton FINE SCALE SATURATION Satuston

Example1: 40X40 attime 100 days 0975 Example1: 40X40 at time 500 days P
0950

0925

40
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25

Figure 5: Water saturation contours at 100 and 500 days for the fine 40 x 40
solution.

UPSCALED SATURATION seluaton UPSCALED SATURATION Satustion
Examplet : 40X40 to 5X5 at time 100 days 5% Examplet : 40X40 to 5X5 at time 500 days

Figure 6: Water saturation contours at 100 and 500 days for the upscaled
5 X 5 solution.
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COARSE SCALE SATURATION oo COARSE SCALE SATURATION
Example 1: 40X40 to 5X5 at time 100 days bos Example 1: 40X40 to 5X5 at time 500 days

Figure 7: Water saturation contours at 100 and 500 days for the coarse 5 x 5
solution.

and implementation of higher order combinations gets much more compli-
cated.

2.6 Other upscaling techniques

Upscaling techniques are numerous; surveys of various ones currently under
study can be found in [32, 35, 53, 62]. A few descriptions follow. Chen et
al. [22] describe their technique as a local /global one: use a global coarse sim-
ulation to determine appropriate boundary conditions for local simulations
that then determine an effective coarse permeability. Other techniques are
local; for instance, periodic boundary conditions can be imposed on the sub-
grids when computing effective permeabilities as in [10, 58]. Oversampling
is another possibility where a local problem (with various boundary condi-
tions) that is slightly larger than a subgrid is used to determine the effective
permeability for that subgrid; Chen and Hou [23] and Hou and Wu [43] use
a multiscale finite element technique to implement this idea. Wu, Efendiev,
and Hou also use this idea [33], and in [65] apply a flow-based gridding dy-
namic approach to limit the necessary upscaling. Holden and Nielsen [42]
have developed a global upscaling method that uses a least-squares problem
to determine effective coarse permeabilities.

Some distinguishing features of the upscaling technique used here are the
use of mixed methods, the lack of ad-hoc assumptions about the §-subgrid
operator, and the lack of computed effective coarse permeabilities.
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3 A Two-level Multigrid-like Scheme

In traditional multigrid, one pairs smoothings on fine and coarse grids to-
gether with the intent of each smoother reducing the error in different parts
of the spectrum. The coarse-grid smoother reduces the error on large scales,
and the fine-grid smoother reduces it on short scales [19].

However, fine-scale details of the problem have an effect on coarse-scale
flow behavior. Thus, instead of a simple coarse-grid corrector in multigrid,
a corrector that better approximates the true coarse-scale behavior could
be used. Since a corrector that is much more computationally expensive
than the simple coarse one is not a reasonable choice, it is natural to try an
upscaled coarse corrector. This is the basis for the first proposed algorithm.
A schematic is shown in Figure 8.

The intuition as to why multigrid works so well is that smoothing the
solution iterates on different levels reduces the error in different parts of the
spectrum. Towards that end, we have developed code to compute the eigen-
vectors (and corresponding eigenvalues) for smoothers at each level — the
fine-scale level (with ordinary Jacobi smoothing) and the upscale smoothing
— and to plot the norm of the gradient of the eigenvectors (considered as
functions) versus the corresponding eigenvalues. The matrices analyzed have
the form I — M A; this is from the error update equation e;; = (I — M A)e;
that describes the action of the preconditioner M on the error e.

The results of applying the code to several two dimensional examples can
be seen in Figures 9-16. Each of the examples has the unit square as the
domain with uniform porosity and Dirichlet boundary conditions. The first
example has a very simple permeability: it takes one value on the left half
of the domain, and another value on the right half (shown in Figure 9).

In Figure 10 a “typical” result for the eigenstructure analysis as applied
to the simple two-level permeability field is shown. On the horizontal axis is
measured the norm of the gradient of the eigenvector when interpreted as a
2-D pressure field (this measure is a stand-in for frequency). The vertical axis
shows on a logarithmic scale the absolute value of the corresponding eigen-
value. The blue dots show the check-mark-like structure for a weighted Jacobi
smoother. This picture is similar to ones usually used in multigrid analy-
sis [19]. The cyan dots show the structure one obtains for the corresponding
weighted Jacobi smoother on the coarse level. It has the same shape, but the
small-eigenvalue dip comes at lower frequencies (coarser modes) as expected.
The magenta dots show the structure for the preconditioner that exactly
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Figure 8: Schematic of a two-level scheme to solve the linear system Ax = b.
The matrix A describes the interactions among cells from a CCFD discretiza-
tion of Darcy’s Law and the continuity equation. The pressures x are the
unknowns, and the information from sources, boundary terms, and gravity
b forms the right-hand side. There is also the matrix A for the correspond-
ing upscaling MFEM problem, the ¢th guess at pressure unknowns x;, the
1th-stage residual r; = b — Ax;, the ith-stage smoothing corrector c;, and
ith-stage upscaling corrector ¢; (pressure and velocity unknowns). Lastly,
there is By from the diagonal elements of A used in Jacobi smoothing step,
the restriction operator R : W, — Wy x 0, and the prolongation operator
P Wgpn x Vg — Wy Also note that usually many applications of the

ie—1+1
r; =b— Ax;
DONE? FINISH
Is ||r;|| small? X & X;
UPSCALE
C, = A’er,j

XH,'[ :x,;—O—PE,;
— 1+ 1
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smoother may occur in between upscaling steps.
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Figure 9: A simple permeability field.

solves the coarse problem. It has eigenvalues greater than one in the coarser
modes because the upscaling factor H/h is equal to three, and not two (the
more usual result with eigenvalues bounded by one can be seen in the bottom
right of Figure 12). Lastly, the red dots show the structure for the upscaling
preconditioner. Some notable features are its complicated organization, that
coarse modes (over a large range) have quite small eigenvalues, that there is a
steady rise in eigenvalues versus frequency, and that the eigenvalues top out
at greater than one. However, this maximum occurs near where the weighted
Jacobi smoother is performing at its best.

Figure 11 shows the effect of varying h, the grid size, while leaving the
upscaling factor H/h and the permeability field alone. As can be seen, the
overall structure remains the same independent of h, but the level of detail
one sees in the diagrams increases, as does the scale of the frequencies plotted.

Figure 12 shows the effect of varying H/h, the upscaling factor, while leav-
ing the fine grid size h and the permeability field alone. As H/h increases,
there is a shift to lower frequencies for the coarse smoother and the upscaling
preconditioner. (As noted above, the eigenvalues of coarse modes for the ex-
act coarse preconditioner get larger with increasing H/h.) There is a general
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Figure 10: A “typical” eigenstructure result for the smoothers and upscaler
(RTO elements used at all levels). The fine grid used was 24 x 24, the coarse
grid 8 x 8 (with H/h = 3), and ko = 0.1. The colored dots are eigenpairs for
the e coarse smoothing preconditioner, e coarse exact preconditioner, e fine
smoothing preconditioner, and e subgrid upscaling preconditioner.
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Figure 11: Eigenstructure results for the preconditioners for problems with
various fine grid sizes h, but fixed upscaling ratio H/h and fixed permeability.
The colored dots are eigenpairs for the e coarse smoothing preconditioner, e
coarse exact preconditioner, e fine smoothing preconditioner, and e subgrid

upscaling preconditioner.
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worsening of performance with increasing H/h as would be expected.

Fix h =1/24 ; Vary H/h ; Fix ks = 0.1 w/RTO0

‘something like norm grad ei fS=1-PA Something like norm g =1-PA

Figure 12: Eigenstructure results for the preconditioners for problems with
various upscaling ratios H/h, but fixed fine grid size h and fixed permeability.
The colored dots are eigenpairs for the e coarse smoothing preconditioner, e
coarse exact preconditioner, e fine smoothing preconditioner, and e subgrid
upscaling preconditioner.

Figure 13 shows the Arcoperm permeability field [7], and Figure 15 shows
the Brent permeability field [47]. Both show considerably more variation than
the simple two-level permability field. They both also have a greater ratio
between the greatest and least values of the permeability: the Arcoperm
field about a half an order of magnitude, and the Brent field more than four
orders of magnitude. For the Arcoperm field, Figure 14 shows the same
rich structure as seen for the two-level permeability field, but surprisingly
the upscaling preconditioner has a similar performance: small eigenvalues
for coarse modes with a general trend towards larger (but not too large)
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eigenvalues for fine modes. At the greatest upscaling factor H/h of six, the
middle modes begin to suffer, too. The results in Figure 16 show the same
general trends. However, the middle modes become much more of a problem
(note the vertical scale has changed from a high of 10! before to 10? now).

[
I

[

IEC

Figure 13: The Arcoperm permeability field. The minimum of the base-10
logarithm of the permeability values is -0.2916 and the maximum 0.1477.

One obvious conclusion to draw from the eigenstructure diagrams is that
the performance of the upscaling level suffers in the mid-frequency eigen-
vectors (see also the convergence histories below). Perhaps Krylov space
methods (a CG-like iteration) [20, 39, 27|, a third level with an upscaler
based on a grid staggered relative to the first upscaler, semi-coarsening in
different levels in different directions [24], or perhaps a traditional multigrid
coarse smoother might be used to improve the method.

The diagrams also lead to the reasonable inference that the behavior
of the proposed two-level scheme depends on H/h and k*/k., but not the
absolute level of h. This mirrors the behavior of multigrid, but we have not
proven this yet for this scheme.

In this proposal, we have been assuming that a single coarsening of the
grid is enough to result in a problem that is computationally inexpensive
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Figure 14: Eigenstructure results for the preconditioners for problems with
various upscaling ratios H/h with the Arcoperm permeability field in Fig-
ure 13. The colored dots are eigenpairs for the e coarse smoothing precondi-
tioner, e coarse exact preconditioner, e fine smoothing preconditioner, and e
subgrid upscaling preconditioner.
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Figure 15: The Brent permeability field. The minimum of the base-10 loga-
rithm of the permeability values is -0.6909 and the maximum 3.5230.

to use. Sometimes this “coarse” grid just is not coarse enough, and the
associated problem is still too computationally expensive to work with. In
this case, a true variational multi-scale (and not just two-scale) method for
the upscaling level would be appropriate. This might be accomplished say
by decomposing V= V. @6V =V, ., AV SOV and W = W, P W =
W AW @GIW into three levels (or more) with a correspoding approximation
with multiple levels. The details of this possibility have yet to be worked
out. It might also be possible to use traditional algebraic multigrid on the
coarsened system that comes from the upscaled problem (29)—(30).

The eigenstructure diagrams also give us a way to estimate how often the
Jacobi smoother is applied relative to the number of times the upscaling pre-
conditioner is applied. It is also possible to then estimate the overall error
reduction factor for an iteration of our two-level method. This is accom-
plished by examining frequency by frequency the product of the error reduc-
tion factors (eigenvalues) of the smoother and upscaling preconditioner, and
by computing the maximum such product. This allows us also to estimate
the relative performance of multigrid with the two-level upscaling/smoother
method for a given problem. Of course, this is assuming that eigenvectors
with like “frequency” are alike; in reality, the eigenbases differ and the com-
parison for a given frequency is not apples-to-apples.
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Figure 16: Eigenstructure results for the preconditioners for problems with
various upscaling ratios H/h with the Brent permeability field in Figure 15.
The colored dots are eigenpairs for the e coarse smoothing preconditioner, e
coarse exact preconditioner, e fine smoothing preconditioner, and e subgrid
upscaling preconditioner.
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Some examples of convergence histories using this analysis are shown
in Figure 17. The size of the residuals/errors versus iteration number are
plotted for both the two-level upscaling scheme and a two-level multigrid
scheme. Significantly faster convergence is obtained with the upscaling than
with multigrid (although both display linear convergence and dependence on
k*/k.). A zero initial guess for the solution is used along with a random
source term.

The diagram in the top row shows the convergence history for the simple
permeability field (shown in Figure 9) on a 24 x 24 grid with H/h = 4 and
ky = 0.1. An estimation from the eigenstructure diagram in the top-right
of Figure 12 indicates that a single Jacobi smoothing step pre- and post-
upscaling in a V-cycle will ensure convergence. Indeed this is the case: the
upscaling scheme has a convergence factor of about 0.6 per V-cycle step. On
the other hand, multigrid has a factor of about 0.94 for the same V-cycle
with a smoother on the coarse level.

The diagram on the left in the bottom row shows the convergence history
for the Arcoperm permeability field shown in Figure 13 for H/h = 5. An
estimation from the eigenstructure diagram in the top-right of Figure 14
indicates that a single Jacobi smoothing step pre- and post-upscaling in a V-
cycle again will ensure convergence. This is the case again; however, this time
the asymptotic convergence factor is only about the same for the upscaling
scheme as it is for multigrid. There is, though, a steep initial decline. This is
probably attributable to the initial guess for the solution (all zeros) having
an error that has large components in the direction of the coarse eigenmodes
of the upscaling preconditioner (this may also explain the large jump in the
first step (only) for the simple permeability field above). The “stalling”
of the convergence is probably attributable to the poor performance of the
preconditioner on middle eigenmodes.

Modifying the upscaling preconditioner is one fix. Another is simply
increasing the number of Jacobi smoothings on the fine level from one to
two. As can be seen in the left diagram of Figure 18, this has a dramatic
effect. The upscaling scheme now clearly outperforms multigrid. It would
seem that over-estimating the number of necessary fine smoothings has a
beneficial effect (and is not very computationally expensive).

This may also partly explain the good performance of the upscaling
scheme in the last, bottom-right diagram of Figure 17. This is the con-
vergence history of the Brent permeability field with H/h = 5. Estimating
the number of necessary smoothings from the top-right eigenstructure di-
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Figure 17: Convergence histories of the two-level upscaling and multigrid
schemes for the three sample permeability fields in Figures 9, 13, and 15.
The light and dark blue colored dots mark the sizes of the residual for the
multigrid and upscaling schemes, respectively. The light and dark red dots

mark the sizes of the error.

27



norm of pressure error/residual

« Residual (UP)
* Error (UP)

Residual (MG)
Error (MG) n

5 10 15

20
iteration number

35 40

10 T T
* Residual (UP)
* Error (UP)
Residual (MG)
1021 + _Error (MG) e
o’
oo*
o
10 o R
10 o o
] o° oo
3 o o*
3 o o
@ oo o
e o® o
B0k R o
° o oo
o o
4 10° 1 o oo ]
S oo Lo oo
10° - ot o yoo® |
o R o’
o oo oo®
o o 0o
o o* oo®
10% fae*® ...--' oo 4
ooe. o —
oo
10° I I I I I I I I I
10 20 30 40 50 60 70 80 90 100

iteration number

Figure 18: More convergence histories of the two-level upscaling and multi-
grid schemes that illustrate the effect of over- and under-estimating the num-
ber of necessary smoothings. The coloring scheme is the same as used in Fig-
ure 17. The diagram on the left is comparable to the one in the bottom-left
of Figure 17; two smoothings per step are used instead of one. The diagram
on the right is comparable to the one in the bottom-right of Figure 17; five
smoothings per step are used instead of forty.
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agram of Figure 16 is more difficult this time (note the most smoothings
comes from the coarsest eigenmode — the red dot furthest to the left). Forty
smoothings were used; this is most likely an over-estimate of the number of
smoothings necessary for a convergent scheme. Again, this seems to have a
beneficial effect for the upscaling scheme relative to multigrid.

The penalty to be paid for under-estimating the number of necessary
smoothings can be seen in the right-hand diagram of Figure 18. A divergent
scheme may result. (This is the “convergence” history for the Brent field with
H/h =5 as before, but with only one smoothing.) One last feature to note
is that for all the convergent schemes, the error is monotonically decreasing
(as is expected for a multigrid-like scheme).

In the future we would like to produce plots of the size of spectrum of
the error versus iteration number. A break-down of inter-step frequency
reduction (the spectrum before and after smoothing, and before and after
upscaling) would also be useful. The ability to visualize a given eigenmode
(that is, make an n-dimensional plot of the pressure that corresponds to an
eigenvector) by clicking on the eigenstructure plot would be a handy tool.

In future research, we hope to be able to prove that our two-level scheme
converges linearly (independent of h, but dependent on H/h and maybe
k*/k,). Toward that end, the methods used in standard multigrid will cer-
tainly be useful. There are several monographs [40, 48, 63, 12, 41, 20, 56,
60, 19, 11] and review articles [66, 69, 67, 68] that provide useful informa-
tion (several of the monographs on iterative methods generally). As well,
Bramble, Pasciak, and Xu have developed a general framework for subspace
correction methods [15, 13, 14, 66, 12, 67, 68]. Their work will be useful
in having developed a unified approach to multigrid-like methods, and also
specifically because they treat the possibility of non-nested spaces for cor-
rections (Vg is not necessarily a subset of V},), and perturbed linear forms
(e.g., using quadrature on the term (kuy, vy)).

Lastly, we might try to modify the upscaling preconditioner so that it
itself is a smoother. Also, the upscaling preconditioner might be modi-
fied for use in discontinous Galerkin (DG) methods, or the expanded mixed
method [6].
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4 Change the Problem, Not the RHS:
Using nonlinear optimization techniques to
adjust the basis of the mixed variational
multiscale method

In constructing the subgrid upscaling, the “closure” assumption in upscaling
was that all flow between coarse cells occurred on the coarse scale. Then, in
approximating the coarse velocity space, no (or a limited) variation of the flow
is allowed along coarse cell edges (RT0 elements have a constant flux through
cell boundaries, BDDF1 elements only a linearly-varying one). Since the fine-
scale flow almost always varies along coarse cell edges, our upscaled solution
cannot coincide with the fine-scale solution (that is, usually u, ¢ Vg even
though p, € Wy, = W), always for RTO elements).

Our goal is to obtain the fine-scale solution (and to do so without en-
tailing the work of finding it more directly). In the two-level scheme, the
“defect” of coarse grained inter-coarse-cell flow was overcome by pairing the
upscaler with a fine scale smoother. We now consider instead modifying the
discretization of the upscaled solution so as to permit the fine-scale and up-
scaled solutions to coincide (that is, find a \Y% m,n that is structured like Vi,
and has up, =ty € VHh)

In approximating the upscaled solution, all the pressure degrees of free-
dom are left in and some velocity ones are discarded (as compared to the
fine-scale approximation). All of the discarded degrees of freedom are along
coarse cell boundaries — to recall, see the differences between Figures 1 and 3.
Figure 19 shows a sample modified basis element. In it are reintroduced ex-
actly those degrees of freedom (call them f;’s) along coarse cell boundaries
that are “missing” from the basis for the upscaled approximation. This gives
a parameterized family VH,h(ﬁ) of approximation spaces of V that can be
used in the upscaling scheme. In the decomposition Vg, = Vg @ 6V, just
change Vg to \~/'H, leave 0V}, alone, and set VH,h = VH @® 0V, With this
new approximation space {/HJL we can solve upscaled flow problems just as
before (thinking of 8 as fixed for any particular problem).

If the extra degrees of freedom 3 are set uniformly, the same old upscaled
basis results; that is, VH,h(l) = Vpy. If for a given problem the extra
degrees of freedom are set in proportion to the fine-scale solution to that
problem, the modified upscaled problem will then have the same solution as
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the fine-scale problem.

Figure 19: Unmodified and modified velocity basis elements for coarse flow.
An “X” represents the coarse degree of freedom. Circles represent degrees
of freedom that are adjusted in the nonlinear optimization. The filled circle
represents the normalized degree of freedom. The modified basis functions
may be discontinuous across the dashed lines as well as across the outer
coarse cell boundaries.

This raises a question: how should the coarse basis be adjusted to give a
new upscaled problem that has the fine-scale solution as its answer? If given
the fine-scale solution, it could be used to apportion the extra coarse-scale
velocity degrees of freedom. Of course, if the fine-scale solution were known,
there would be no more work to do. However, if we have already solved some
modified upscaled problem, its fine-scale residual can easily be computed and
used as an error indicator. That is, prolongate the modified upscaled solution
to the fine-scale space then compute the residual as usual. (With RTO ele-
ments for the fine-scale basis and RT0/RTO0 elements for the upscaled basis,
prolongation is the identity operation (on functions). The modifications to
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the upscaled basis are conforming to the fine-scale elements.) The residual
of the velocity part of the equations is used as an error indicator — where
the residual is large along a coarse cell edge, the error in the approximate
velocity is large — to determine how to reapportion the extra coarse-scale ve-
locity degrees of freedom to better approximate the fine-scale solution. With
the new B another upscaled problem is set-up, and the process repeated.
Stop when the residual is zero everywhere (or “small” to our satisfaction).
A diagram illustrating the steps is shown in Figure 20.

0. with m = 0 and B° = 1.

1. an upscaled problem with the spaces Wy, 3 pf;;, and
Vun(B™) 3 ujy,.

2. the velocity residual rj’ of Puf,.

3. the residual s]" = wD~'r)” using the diagonal of the
matrix D from the fine-scale term (kuy, vy,).

4. if sp* - " is small. If so, stop.

D. the scaled residual ¢ = Rsj' to coarse cell edges.
6. parameters 37! = ™ + C'(¢™) with a function C
of the corrector ¢™. Increment the counter m «— m + 1.

7. the process starting at step 1 with the new 3.

Figure 20: Corrector scheme for 3. In it, solve a sequence of upscaled prob-
lems each with a different 3. The goal is to have 8™ — (B*. The pro-
longation P : VH’h — V, is simply the identity operation if RT0 elements
are used throughout. The restriction R : V), — Apgy, gives the trace of the
normal component of the velocity along coarse cell edges. The space Agy, is
like the Lagrange multiplier space of [8] but with h-scale variation on coarse
cell edges of size H. The corrector function C' may have many forms (linear
or nonlinear); see the discussion in the text.

There are some choices in how the coarse basis functions are updated.
The simplest one perhaps is a Jacobi-like correction of the heights:

B« B+ RuD'r (35)

where 3 is the vector of coarse basis heights, w is a relaxation parameter, D
is the diagonal of the (fine) Darcy matrix (kv;, v;) used to scale the residual
properly, and r is the residual velocity (that is, use C' = I in the scheme in
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Figure 20). However, there is a whole other class of updates we could use:
Newton-like schemes [28]. The residual is a rational polynomial function
of B, and we seek a zero of the function r(3). Newton’s method could be
applied directly; this would require solving a linear system involving the
Jacobian of the residual — a sparse linear system with as many unknowns
as degrees of freedom in the modified coarse basis functions (roughly 2H/h
times the number of coarse cells in 2-D, or 3(H/h)? in 3-D). Alternatively, a
quasi-Newton method could be used with an approximation to the Jacobian
that is more easily factored (such as its diagonal or a block diagonal form
defined by coarse cell edges). Also possible is Broyden’s (secant) method; to
initialize the approximation of the Jacobian, there is the exact Jacobian (at
the starting point), the exact Jacobian at the fine-scale solution (if this proves
to have a special structure), an approximation to the Jacobian, or simply the
identity. Initializing with the Jacobian at the starting point would give the
same first step as Newton’s method, but different later steps. Initializing
with the identity would give the same first step as the Jacobi-like scheme,
but different later steps.

Why go through all this trouble? Newton’s method has quadratic con-
vergence. Each step in the iteration requires only solving upscaled systems
(which is virtually like solving a coarse system) and performing fine-scale
matrix-vector multiplications. Even Broyden’s method has superlinear con-
vergence whereas with linear problems and linear iterative solvers we expect
only linear convergence. Of course, such fast convergence is only guaranteed
starting from a small distance away from the solution sought. Here we are
(almost) saved: initializing with uniform heights gives the ordinary upscaled
solution, and we have an a-priori error analysis which says that this solution
is already “close” to the fine-scale solution. It is not known whether this
is always close enough to guarantee convergence. Even if the starting point
of uniform heights is not good enough to guarantee convergence, some help
may be provided by already known trust-region, line-search, or other global-
convergence-aiming modifications to the Newton scheme. At least for sure
there is only one root to find: we assume that the fine-scale problem has a
unique solution; thus there is only one way to apportion the heights in the
modified coarse basis (define 3* so that u, € Vi, (8%)).

There is only one way to apportion the heights, but how the scale is cho-
sen is left open. For the ordinary, Lagrangian elements, we have height one
everywhere along the coarse edge; the solved-for unknown in the algebraic
problem is the magnitude and direction. If on the other hand we have varying
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heights along the edge, there is some redundancy if we are allowed to specify
the absolute height of each segment along with the solved-for unknown. In
order to obtain a unique set of heights and resolve the redundancy, a normal-
ization of the heights in the basis is necessary. Here again are some choices;
the maximal magnitude set to one, sum of squares set to one, or some other
strategy are possibilities.

The choice of normalization has some subtle effects on the analysis of the
problem. When adjusting the heights using the residual flux along coarse
edges, there is a correspondence between the segments along which we com-
pute the residual and segments where we can adjust the basis. Introducing
normalization complicates this. If on the one hand we choose the maximum
strategy, when we compute the residual function we can just pay attention
to the non-maximal degrees of freedom. Also, as we get close to the root of
the residual function the normalization does not change. However, far from
the root, a step in the algorithm may force a change in normalization and
which components of the residual are computed. If on the other hand we
choose the sum-of-squares strategy, the normalization always changes (even
near the root). Further, the residual function is harder to characterize: on a
given coarse edge, inputs are points on the sphere, and outputs are anywhere
in space. Updates need to keep to the sphere (which is not difficult compu-
tationally, but complicates the analysis; maybe some methods of updating
are not even viable). Nonetheless, it does have some advantages (see the
example below, and its discussion of semi-definiteness in the Jacobian), and
a certain analytic appeal.

One other note: among normalization choices, the simplest would be to
pick a particular ; to fix on each coarse edge. However, this (usually) won’t
work. The true solution may have zero flux on that segment of the coarse edge
giving an analytic problem. Also, the true solution may have near zero flux
there giving computational problems since the scale is exaggerated (problems
such as poor conditioning, overflow, and cancellation errors). Other choices of
normalization that exhibit such behavior would be considered poor choices;
also, not normalizing during a computation (to save time) could lead to
similarly bad behavior. A good choice of normalization should guarantee to
not worsen the condition number (and perhaps improve it).

The use of upscaling (and not more usual finite element methods) is
important here. There are otherwise too many degrees of freedom in the
nonlinear part of the problem when using simple coarsening. This is true
even in two dimensions with H/h = 2; the situation gets worse for larger
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H/h and in three dimensions. Upscaling of course is not necessary, but the
general intuition is that nonlinear problems get harder to solve more quickly
than linear ones as the number of unknowns increases.

We digress for a moment to show an example of the ideas above, and to
shed some light on normalization and its effects. Let us apply these ideas
to Laplace’s equation in two dimensions on the unit square. Assume there
are homogeneous Neumann boundary conditions, and use a regular grid with
only two coarse cells (so that there is only one coarse edge with flow). Suppose
that there is a three-by-three subgrid in each coarse cell to make for a six-
by-three grid of fine cells, and that RT0 elements are used (for the coarse
and subgrid scales in the upscaled problem, and everywhere in the fine-scale
problem). We will ignore the gravity term. The source term ¢ was chosen to
be randomly either 0 or 1 on fine cells.

The analytic form of the objective function

F=(2/3)D'r (36)
is (14175(01 + By + (5)2) " times

—414082 — 1939535 — 863332 + [3,(6694, + 1013335)
2(—3347052 + (24453, — 297233) 33 + 31(207035 4 3064/33)) . (37)
—10133062 + 20,(—24450, + 297203) + 31 (—418903, + 8633 35)

(This definition is slightly different than discussed above; it includes the
scaling effect of D.) Then the root 8* defined by F(3*) = 0 has

179797 290873
* — * d * —
o I % = msn

O (38)

This 3* is the same one that gives us u, € VH,h(ﬁ*). The level curves for
B3 = 1 and F; = 0 are shown in Figure 21. In order to detect faux roots,
some “vertical” scale is necessary. As a reference, the uniform weights 3 = 1
are reasonable, and
47 8 103

1) =(— —,—)". 39

(1) (2835’405’ 2835) (39)
Level curves with F; equal to 0 and plus or minus 10% the values in the
reference are shown in Figure 22. Using this criterion to detect whether a
Newton-like scheme might be fooled by values of the objective function near
zero, there seem to be no faux roots.
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Figure 21: Level curves for each component of the objective function in (37)
with 3 = 1. Only the zero level is shown. The curves are shown at three
different magnifications; at larger magnifications the hyperbolic-like curves
simply extend their trends (they do not intersect). There is only one location
where the curves from all three components intersect. For reference, the level
curve of the third component is the circular curve. The level curve of the first
component touches the top-center of the middle figure; the second touches
top-center.
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Figure 22: Level curves for each component of the objective function in (37)

with #3 = 1. Curves at the zero level as well as £10% the reference level
in (39) are shown.

The Jacobian of the objective function F from (37) is (14175(31 + B2 + 83)%) "
times

1497433 4 207053505 + 2739962 — (1(6694; 4+ 1013335)
669432 + B5(—63410, + 1532755) — (1(149745, + 15511535)
10133672 4 32(63413; — 1532733) — 31(51940, + 2739905)

41402 + 4880535 + 1801632 — 28031 (6263, 4+ 697/35)
2(87643% — 3,(207005, + 161335) + (3(—24453, + 838903))
2(97583% + (1(13698, — 900803) + 32(24453; — 838933))

55913 — 74445035 + 863333 — 33,(535905, + 963345)
1607752 4 433(—39313, + 148635) — 31(5591 3, + 1551133) | . (40)
2889932 + 31(2295503; — 863333) + 432(39313, — 1486033)

At the “initial” value of uniform weights 8 = 1, the Jacobian has eigen-
values of 0, %, and %. At the root of the objective function (38), the
Jacobian has eigenvalues 0, ~0.120153, and ~0.272359 divided by g5 (that
is, the eigenvalues depend on the scaling/normalization scheme). The Jaco-

bian is indefinite because we have not normalized the 3’s, but otherwise the
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Jacobian is positive (semi-)definite. Whether or not the Jacobian is positive
semi-definite everywhere remains unknown; for sure, the Jacobian has a zero
eigenvalue everywhere.

The convergence history of the Jacobi-like scheme of (35) is shown in
Figure 23. The linear rate of convergence of the scheme is apparent. The
approach of the iterates towards the root (shown at right) seems to be or-
thogonal to the level curve of the second component. The significance of this
(if any) is not known.

Figure 23: Convergence of the Jacobi-like scheme of (35) as applied to the
sample problem. The left diagram shows the base-10 logarithms of the [; size
of the error in B (top line) and values of the corresponding objective function
F(3) (bottom line) versus iteration number. The right diagram plots the
points (01, 52) for each iteration (3 has been normalized to 1 — it is the
maximal component for every iteration). Level curves for each component of
F are shown for reference.

The convergence history of Newton’s method is shown in Figure 24. The
quadratic rate of convergence of the scheme is apparent. Note the vertical
scale: after just 10 iterations B3 has a mean-square error of just 1074°! In
applying Newton’s method, there is the problem of semi-definiteness of the
Jacobian. To overcome this, the pseudo-inverse was used instead. Also, no
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graph of the iterates is shown (to mirror the right diagram of Figure 23)
because the iterates converge too quickly. At any given magnification, only
one iterate at a time is distinguishable from the root (the intersection of the
zero-level curves).
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Figure 24: Convergence of Newton’s method as applied to the sample prob-
lem. The diagram shows on a semilog scale the [ size of the error in 3 versus
iteration number.

In the near future, diagrams showing the convergence of the scheme for
problems with an arbitrary permeability will be possible. Problems with a
gravity term will be included, too. In addition to the Jacobi-like scheme and
Newton’s method, a quasi-Newton using the diagonal of the Jacobian will
be implemented. Broyden’s method initialized the Jacobian at starting (and
ending) point, the diagonal of the Jacobian at the same, and identity matrix
will be implemented as well.

To summarize, the proposed research for this topic is to develop tools
necessary to prove that this algorithm converges, and can be implemented
in a manner that is efficient, accurate, and stable. For convergence, we
need to be able to measure progress made in an iterative scheme: what is the
relationship between the extra degrees of freedom in the modified coarse basis
and the error in the computed upscaled solution. Along the same lines, we
need to better measure the closeness of the upscaled and fine solutions (both
unmodified and modified); how close is the starting point in the nonlinear
optimization? We also need to know that our approximation to the Jacobian
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possesses bounded deterioration.

The approximation to the Jacobian is also key to the efficiency of the
method: iteration counts and iteration cost are affected. Can we get away
with a secant method for simplicity? And initialize it with the identity or
the diagonal of the Jacobian (at the initial or final points)? If we use a
quasi-Newton method, how sparse an approximation of the Jacobian can we
use? Diagonal, block diagonal from coarse cell edges, or the full Jacobian?
These all affect the storage required, the parallelism we can exploit, and the
amount of arithmetic necessary per iteration and per simulation. Features of
conjugate gradient, truncated Newton, Krylov subspace, and limited-memory
methods [45] are applicable here. Further, can we exploit the analytic form
of the residual to speed finding the root? Lastly, how does normalization
of the extra degrees of freedom impact the performance of the algorithm
as regarding global convergence (if we start close, it does not matter) and
implementation? How does normalization affect the semi-definiteness of the
Jacobian? In the update step (step six of Figure 20), can we update using
any size corrector and normalize the result? That is, the normalized [(’s are
not members of a vector space; so what algebra of the “+” in the update is
appropriate?

Lastly, this nonlinear optimization idea might well be applied to DG
and the expanded mixed method. It might also be applied to making hp-
refinements: let newly-added degrees of freedom from a refinement be the
B’s. The solution of the unrefined problem is the initial guess for Newton’s
method.

5 Applications to Modeling Flow in Porous
Media

Efficient, accurate Darcy flow simulations [49, 21, 46] are the prime moti-
vation for this research. However, in order to make this research useful to
practitioners, the performance of the proposed algorithms in different geo-
statistical settings [57, 29] needs to be investigated. That is, a guide for
practitioners’ use needs to be developed by running our code on a number
of geostatistical realizations of permeability fields, and analyzing the perfor-
mance for strengths and weaknesses as a function of geostatistical (and other
physical) parameters.
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Performance can be measured by how quickly and how well large-scale
features of the flow can be approximated by the algorithms. What effect, if
any, the geostatistics of the problem data have on this performance needs to
be described. Also, if long-range correlations in the problem data present any
theoretical or practical difficulties for the algorithms, this should be noted
and detailed.

Performance can also be measured by how accurately the algorithms pre-
dict break-through times in two-phase simulations. In some sense, the al-
gorithms will always be successful because they produce the same flow field
as a full fine-scale simulation. However, the algorithms are iterative in na-
ture so they introduce a truncation error on top of that of the discretization.
Whether or not this has a strong effect on predicted break-through times
needs to be investigated.

It would also be worthwhile to draw some engineering conclusions about
the effect of long-range correlations on flow, or perhaps the particular flow
features of a few specific natural formations.

Lastly, as a matter for testing, evaluation, and practical use, a well-
documented implementation of the proposed algorithms in parallel for three
dimensional problems is necessary. Perhaps it can be extended to handle
two-phase miscible and/or immiscible displacements. It should be able to
model both rate wells and Peaceman bottom-hole-pressure wells [50, 51].

6 Software

Demonstration software has been developed to solve systems using the ideas
in this proposal. Additional software was developed to produce the eigen-
structure diagrams for the two-level scheme and the analytic expressions for
the residual in the nonlinear optimization scheme.

Although some of this software is fully parallel and can work on problems
in three dimensions, not all of the software can. Also, not all the software
exploits the sparsity or the special structure of the upscaling problems.

As part of the dissertation, it is proposed to further the development of
the software already produced. This includes a stand-alone package to solve
elliptic problems (this package could also be integrated into Parssim [2] or
IPARS [61, 64]), and analysis tools for the practitioner (along the lines of the
eigenstructure diagrams) to help guide the use of and parameter setting in
the solver. This software should be fully parallel and be able to handle three
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dimensional problems. It should exploit the sparsity and special structure of
the methods. Lastly, it should be modular, readable, and (self-)documented.
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